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One-dimensional case, forward iteration

Let f be analytic self-map ab = {z : |z| < 1}

n-th iterate off f, = fo...of

n times
By Schwarz’s lemmg f Is a contraction in the pseudo-hyperbolic

metric
<z — W

d(z,w) =

l —wz
Theorem (Denjoy-Wolff): If a self-map of the dislf is not an ellip-

tic automorphism, then there exist a unique ppiit D such that the
sequencd,(z) converges uniformly on compact subset®1to

if pcD,thenf(p)=pand|f(p)| <1

if p € D, thenf(p) = pand0 < f'(p) < 1 in the sense of non-
tangential limits

The pointp Is called theDenjoy-Wolff point of f.
Cases:

1p €D fis called elliptic

2.p € 0D, f'(p) < 1 hyperbolic

3.p € dD, f'(p) = 1 parabolic

Elliptic Hyperbolic Parabolic

Figure 1: Orbits near the Denjoy-Wolff point p.

If p € 0D, Julia’s lemma holds for the poinp, and multiplierc =

flp) < 1.
VR>0 f(H(p,R)) C H(p,cR),

whereH (p, R) is a horocycle ap € 0D of radiusR :

2
H(p, R) = {ZED: p—Z <R}

L= |z

Conjugation in hyperbolic case:

Theorem (Valiron): There is an analytic map : D — H (whereH
IS the right half-plane), which solves the Sater equation:

bof =y,
C

and soy conjugatesf to multiplication inH

f

Figure 2:Conjugation for forward iteration.

\]

One-dimensional case, backward iteration

Backward-iteration sequence:

{ent 2o fzng1) = zpforn=0,1,2...

The sequencé(z,, 2z, 1) IS increasing, so we need a bound on the
pseudo-hyperbolic step:

d(zn, 2pa1) <a <1

Theorem (Poggi-Corradini): Let {z,}>°, be a backward-iteration
sequence for analytic self-map of the digskvith bounded pseudo-
hyperbolic stepl(z,, z,+1) < a < 1. Then:

1.z, — q € D, andgq is a fixed point with a well-defined multiplier
f'lg) < o0

2. If ¢ # p, thenq is aboundary repelling fixed point (BRFP) (i.e.
f'(q) > 1). If ¢ = p, f is of parabolic type.

3. Wheng is BRFP, the convergencg — ¢ Is hon-tangential.

4. If ¢ = p, thenz,, — ¢ tangentially.

Conjugation:
Theorem (Poggi-Corradini): an analytic self-map of the unit diz

f with BRFP1 € 0D and multipliera at 1 can be conjugated to the
automorphismy(z) = (z —a)/(1 — az), wherea = (e — 1) /(e + 1):

Yon(z)= fou(z),

via an analytic map of D with ¢(ID) C D, which has non-tangential
limit 1 at1.

Figure 3:Conjugation for backward iteration.

N-dimensional case, forward iteration

N
ConsiderC", inner product Z, W) = » Z;W;
=1

|Z|* = (2. Z)
UnitballBY = {Z e CV . |17 < 1}
Julia’s lemmain BY: Let f be a holomorphic self-map & and

X ¢ 0B¥ such that
L—|[f(Z)]

P _
X 1oz T

Then there exists a uniqié € 0B" suchthatR > 0 f(H(X, R)) C
H(Y,aR).

Horosphereof centerX € 9BY and radiusk > 0:

H(X,R) = {Z T (2. X)F < R}

Ak

Theorem (MacCluer): If f has no fixed points i3, then f,, con-

L= f(2)]]

verges uniformly on compactatoc 9B, the number := lién inf = 2] C
—>p -

(0, 1] is a multiplier of f atp.

f is called hyperbolic it- < 1 and parabolic it- = 1.
Siegel domain:

HY = {(z,w) € Cx CVN71: Rez > ||Jw|*}

is biholomorphic td8"" via Cayley transform¢ : B — H

C((z,w)) = Gtz 11—0,2)
C™H((z,w)) = (Z_l i )

2+1" 241
Conjugation results:

e (Bracci, Gentili, Poggi-Corradini): conjugation to a multgation
viay : BY — H.

¢ (Bracci, Gentili): f Is conjugated to its linear part, assuming some
regularity at the Denjoy-Wolff point.

N-dimensional case, backward iteration

Theorem 1. Let f be a analytic self-map d8‘" of hyperbolic type
(with Denjoy-Wolff pointp € 9B"), {Z,} be a backward-iteration
sequence with bounded pseudo-hyperbolic stgp(Z,, Z,,+1) <
a < 1. Then:

1. There exists a poi@B" > 7 # p such thatZ,, —— 7

n—oeo
2.{Zy} stays in a Koranyi region
3. Julia’s lemma holds for with multiplier o > % wherec is the

multiplier at p.

Sincea > % > 1, the pointg € 9BY is called theboundary re-
pelling fixed point for f.

Characterization of BRFP in terms of backward-iteration sequences:
Every backward-iteration sequence with bounded hyperistéip con-
verges to a BRFP; and if BRFP is isolated, then we can construct a
backward-iteration sequence with bounded hyperbolic $tapcon-

verges to it.

Theorem 2. Supposef : HY — HY is an analytic function of
hyperbolic type and is an isolated boundary repelling fixed point
for f with multiplier 1 < a < oo. Then f Is conjugated to the
automorphismy(z, w) = (az, v/aw)

Yon(Z)=fo(2),

via an analytic intertwining map.

Construction of ¢: ¢ = lim {fn o7 opi},

wherep;(z,w) := (z,0) is the projection on the first (radial) dimen-
sion, SO

¢(27 w) — w(zv O)

and is essentially one-dimensional map.

Figure 4: T he Image ofy In Siegel domain.

An analytic mapf : HYY — HY is calledexpandableat( if
f(z,w) = (@z + of|2]), Aw + of|2]/2).

In particular,0 is a fixed point off anda is the multiplier of f at0.

Theorem 3.Let f be expandable @t of hyperbolic type, and let the
matrix A be diagonal, and WLOG

‘Cijj‘ZﬂfOl‘jZl...L
aj ;| < aforj=L+1...N —1.

Thenf is conjugated to the automorphisstz, w) = (az, Q/aw) (2
IS a rotation):

Yon(Z)= foy(Z),

via an analytic intertwining map(z, w) = ¥ (pr(z,w)), wherep; is
a projection on the first + 1 dimensions.



