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One-dimensional case
Forward iteration

Let f be analytic self-mapof D = {z: |z] < 1}
n-thiterate of f f,=fo...of

N—_——

n times

By Schwarz’s lemma, f is a contraction in the pseudo-hyperbolic
metric
zZ—w
1—-—wz

d(z,w) =

Theorem (Denjoy-Wolff)

If a self-map of the disk f is not an elliptic automorphism, then there
exist a unique point p € D such that the sequence f,(z) converges
uniformly on compact subsets to p.

ifp € D, then f(p) = p and |f'(p)| < 1

if p € OD, then f(p) = p and 0 < f'(p) < 1 in the sense of
non-tangential limits

v
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The point p is called the Denjoy-Wolff point of f.
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Cases:
1.p € D fis called elliptic

Elliptic
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The point p is called the Denjoy-Wolff point of f.

Cases:
1.p € D fis called elliptic

2.p € dD, f'(p) < 1 hyperbolic

Hyperbolic
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The point p is called the Denjoy-Wolff point of f.

Cases:
1.p € D fis called elliptic

2.p € dD, f'(p) < 1 hyperbolic

3.p € D, f'(p) = 1 parabolic

Parabolic
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The point p is called the Denjoy-Wolff point of f.

Cases:
1.p € D fis called elliptic

2.p € dD, f'(p) < 1 hyperbolic

3.p € D, f'(p) = 1 parabolic

Elliptic Hyperbolic Parabolic
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If p € 0D, Julia’s lemma holds for the point p, and multiplier
c="f(p) <1:
¥R>0 f(H(p,R)) C H(p,cR).
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If p € 0D, Julia’s lemma holds for the point p, and multiplier
c="f(p) <1:
¥R>0 f(H(p,R)) C H(p,cR).

where H(p, R) is a horocycle at p € 9D of radius R :

_ p—zP
H(p,R) = {zeID). 1= 22 <R
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If p € 0D, Julia’s lemma holds for the point p, and multiplier
c="f(p) <1:
¥R>0 f(H(p,R)) C H(p,cR).

where H(p, R) is a horocycle at p € 9D of radius R :

_ 2
H(p,H)::{zeD:'p 2 <R}

1-|z2

Olena Ostapyuk (K-State) Backward iteration in the unit ball 10-02-2010 4/20



Backward iteration
Backward-iteration sequence: {z,}% , f(Zn11) = Zn
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Backward iteration

Backward-iteration sequence: {z,}% , f(Zn11) = Zn

The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(z,,z,11) < a< 1
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Backward iteration

Backward-iteration sequence: {zn}7° o, f(Zn+1) = 2Zn

The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(z,,z,11) < a< 1

Theorem (Poggi-Corradini, 2003)

Let {zp}3° , be a backward-iteration sequence for analytic self-map of
the disk f with bounded pseudo-hyperbolic step d(zp,z,11) < a< 1.
Then:

v
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The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(z,,z,11) < a< 1

Theorem (Poggi-Corradini, 2003)

Let {zp}3° , be a backward-iteration sequence for analytic self-map of
the disk f with bounded pseudo-hyperbolic step d(zp,z,11) < a< 1.
Then:

1.z, — q € 0D, and q is a fixed point with a well-defined multiplier
f(q) < o0
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Backward iteration

Backward-iteration sequence: {zn}7° o, f(Zn+1) = 2Zn

The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(zp,z,11) < a< 1

Theorem (Poggi-Corradini, 2003)

Let {zp}3° , be a backward-iteration sequence for analytic self-map of
the disk f with bounded pseudo-hyperbolic step d(zp,z,11) < a< 1.
Then:

1.z, — q € 0D, and q is a fixed point with a well-defined multiplier
f(q) < oo

2. If g # p, then q is a boundary repelling fixed point (BRFP) (i.e.
f(q) =qand1 < f'(q) < o). If @ = p, f is of parabolic type.

v
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Backward iteration

Backward-iteration sequence: {zn}7° o, f(Zn+1) = 2Zn

The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(zp,z,11) < a< 1

Theorem (Poggi-Corradini, 2003)

Let {zn};2 o be a backward-iteration sequence for analytic self-map of
the disk f with bounded pseudo-hyperbolic step d(zp,z,11) < a< 1.
Then:

1.z, — q € 0D, and q is a fixed point with a well-defined multiplier
f(q) < oo

2. If g # p, then q is a boundary repelling fixed point (BRFP) (i.e.
f(q) =qand1 < f'(q) < o). If @ = p, f is of parabolic type.

3. When q is BRFR the convergence z, — q is non-tangential.

v
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Backward iteration

Backward-iteration sequence: {zn}7° o, f(Zn+1) = 2Zn

The sequence d(z,, z,.1) is increasing, so we need a bound on the
pseudo-hyperbolic step: d(zp,z,11) < a< 1

Theorem (Poggi-Corradini, 2003)

Let {zn};2 o be a backward-iteration sequence for analytic self-map of
the disk f with bounded pseudo-hyperbolic step d(zp,z,11) < a< 1.
Then:

1.z, — q € 0D, and q is a fixed point with a well-defined multiplier
f(q) < oo

2. If g # p, then q is a boundary repelling fixed point (BRFP) (i.e.
f(q) =qand1 < f'(q) < o). If @ = p, f is of parabolic type.

3. When q is BRFR the convergence z, — q is non-tangential.

4. If g = p, then z, — q tangentially.

v
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Multi-dimensional case

N
CV, inner product (Z, W) = > ZW,, ||1Z|*=(Z,2)
j=1
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Multi-dimensional case
CN, inner product (Z, W) = Zz W, 1212 =(Z,2)

Unitball BN = {Z e CN : ||Z\|<1}
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Multi-dimensional case
CN, inner product (Z, W) = Zz W, 1212 =(Z,2)

Unit ball BN = {Z € CN ; ||Z\| <1}

Julia’s lemma in BV

Let f be a holomorphic self-map of BN and X € BN such that
iiminf L= _ o o

z-x 1—|Z]

Then there exists a unique Y € dBN such that VR > 0

f(H(X, R)) C H(Y,aR).

Olena Ostapyuk (K-State) Backward iteration in the unit ball 10-02-2010

6/20



Multi-dimensional case
CN, inner product (Z, W) = Zz W, 1212 =(Z,2)

Unitball BN = {Z ¢ CV . ||Z\| <1}

Julia’s lemma in BV

Let f be a holomorphic self-map of BN and X € BN such that
iiminf L= _ o o

z-x 1—|Z]

Then there exists a unique Y € dBN such that VR > 0

f(H(X,R)) C H(Y,aR).

Horosphere of center X € BN and radius R > 0:

_ 2
H(X,R) = {z eBY: “1 _(ﬁz)”(zﬂ < F?}
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Multi-dimensional version of Denjoy-Wolff theorem holds:

Theorem (MacCluer, 1983)
If f has no fixed points in BN, then f, converges uniformly on compacta
1-[f(2)]

————— € (0,1] is a multiplier of
T—nzj <1

to p € OBN, the number ¢ := Ii91 inf
—p

f atp.
f is called hyperbolic if c < 1 and parabolic ifc = 1.
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Multi-dimensional version of Denjoy-Wolff theorem holds:

Theorem (MacCluer, 1983)

If f has no fixed points in BN, then f, converges uniformly on compacta
1-[f(2)]

to p € BN, the number ¢ := liminf
P Tz

€ (0, 1] is a multiplier of

fatp.
f is called hyperbolic if c < 1 and parabolic ifc = 1.

We will call f elliptic if it has unique fixed point inside of the ball
(WLOG fixed point is 0) and f is not unitary of any slice (i.e. with
IF(2)Il < 1Z]| vZ € BM\{0}).
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Multi-dimensional version of Denjoy-Wolff theorem holds:

Theorem (MacCluer, 1983)

If f has no fixed points in BN, then f, converges uniformly on compacta
1-[f(2)]

€ (0, 1] is a multiplier of
T—nzj <1

to p € OBN, the number ¢ := IiEn inf
—p

fatp.
f is called hyperbolic if c < 1 and parabolic ifc = 1.

We will call f elliptic if it has unique fixed point inside of the ball
(WLOG fixed point is 0) and f is not unitary of any slice (i.e. with
IF(2)Il < 1Z]| vZ € BM\{0}).

Siegel domain:
HN = {(z,w) € C x CN-': Rez > |w|?}
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Multi-dimensional version of Denjoy-Wolff theorem holds:

Theorem (MacCluer, 1983)

If f has no fixed points in BN, then f, converges uniformly on compacta

1= If(2)]
to p € BN, the number ¢ := liminf — =21

P o 1-]Z]
fatp.

f is called hyperbolic if c < 1 and parabolic ifc = 1.

€ (0, 1] is a multiplier of

We will call f elliptic if it has unique fixed point inside of the ball
(WLOG fixed point is 0) and f is not unitary of any slice (i.e. with
IF(2)Il < 1Z]| vZ € BM\{0}).

Siegel domain:
HN = {(z,w) € C x CN-': Rez > |w|?}

Cayley transform: C : BN — HV

cem) = (1o25) e = (55 20)
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Theorem 1.(0O —, 2010)

Let f be a analytic self-map of BN of hyperbolic or elliptic type, {Z,} be
a backward-iteration sequence with bounded pseudo-hyperbolic step
den(Zn, Zny1) < a< 1. Then:
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den(Zn, Zny1) < a< 1. Then:

1. There exists a point 9BN > t # p such that Z, —— 7
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Let f be a analytic self-map of BN of hyperbolic or elliptic type, {Z,} be
a backward-iteration sequence with bounded pseudo-hyperbolic step
den(Zn, Zny1) < a< 1. Then:

1. There exists a point 9BN > t # p such that Z, —— 7

2. {Z,} stays in a Koranyi region with vertex t
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Theorem 1.(0O —, 2010)

Let f be a analytic self-map of BN of hyperbolic or elliptic type, {Z,} be
a backward-iteration sequence with bounded pseudo-hyperbolic step
dgn(Zn, Zni1) < a< 1. Then:

1. There exists a point 9BN > t # p such that Z, —— 7

2. {Z,} stays in a Koranyi region with vertex t

3. Julia’s lemma holds for T with multiplier o > 15 ie.
f(H(m,R)) Cc H(r,aR) YR >0
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Theorem 1.(0O —, 2010)

Let f be a analytic self-map of BN of hyperbolic or elliptic type, {Z,} be
a backward-iteration sequence with bounded pseudo-hyperbolic step
dgn(Zn, Zni1) < a< 1. Then:

1. There exists a point 9BN > t # p such that Z, —— 7

2. {Z,} stays in a Koranyi region with vertex t

3. Julia’s lemma holds for T with multiplier o > 15 ie.
f(H(m,R)) Cc H(r,aR) YR >0

Definition

A point 7 € 9BN is called a boundary repelling fixed point if Julia’s
lemma holds for T with multiplier o > 1.
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Idea of the proof in hyperbolic case:
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Idea of the proof in hyperbolic case:

th := Re z, — ||wn|[? ~ ¢" (by Julia’s lemma)
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Idea of the proof in hyperbolic case:

th := Re z, — ||wn|[? ~ ¢" (by Julia’s lemma)

lpr(Zn) = pr(Zp1)ll < Cv/ta ~ c™?
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In elliptic case we need the following

Lemma
Let f be a self-map of the unit ball BN fixing zero, not unitary on any
slice. Fix ry > 0, define M(r) := max ||f(rBN)||, r € [ro,1). Then there
exists ¢ < 1 such that

1—r

— <
T M) <c Vreln1)
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Let f be a self-map of the unit ball BN fixing zero, not unitary on any
slice. Fix ry > 0, define M(r) := max ||f(rBN)||, r € [ro,1). Then there
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1—r

— <
T M) <c Vreln1)

Olena Ostapyuk (K-State) Backward iteration in the unit ball 10-02-2010 10/20



A BRFP with multiplier « is called isolated if it has a neighborhood
with no other BRFPs with multiplier < a.
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A BRFP with multiplier « is called isolated if it has a neighborhood
with no other BRFPs with multiplier < a.

In the hyperbolic and elliptic cases we have the following

Characterization of BRFP in terms of backward-iteration
sequences:

Every backward-iteration sequence with bounded hyperbolic step
converges to a BRFP; and if BRFP is isolated, then we can construct a
backward-iteration sequence with bounded hyperbolic step that
converges to it.
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A BRFP with multiplier « is called isolated if it has a neighborhood
with no other BRFPs with multiplier < a.

In the hyperbolic and elliptic cases we have the following

Characterization of BRFP in terms of backward-iteration
sequences:

Every backward-iteration sequence with bounded hyperbolic step
converges to a BRFP; and if BRFP is isolated, then we can construct a
backward-iteration sequence with bounded hyperbolic step that
converges to it.

In 1-dimensional case all boundary fixed points are isolated, so the
above characterization is "if and only if".
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Problem:
Unlike in 1-dimensional case, not all BRFP'’s are isolated J
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Problem:
Unlike in 1-dimensional case, not all BRFP'’s are isolated

Example 1. (O —, 2010):

f:H? — H?, f(z,w) = (2z + w2, w), hyperbolic with multiplier 1/2 at
the Denjoy-Wolff point co
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Problem:
Unlike in 1-dimensional case, not all BRFP'’s are isolated

Example 1. (O —, 2010):

f:H? — H?, f(z,w) = (2z + w2, w), hyperbolic with multiplier 1/2 at
the Denjoy-Wolff point co

Set of BRFP's: {(r2,ir)|r e R}

.*9_4—04—0
(3,0) (1,0)
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Definition
We will call the union of all backward iteration sequences with bounded
step tending to a BRFP q a stable set at q.
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Definition
We will call the union of all backward iteration sequences with bounded
step tending to a BRFP q a stable set at q.

The stable set at each BRFP (r, ir?) in the Example 1 is
{(z,r)|Rez > r?} and has dimension 1.
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Definition
We will call the union of all backward iteration sequences with bounded
step tending to a BRFP q a stable set at q.

The stable set at each BRFP (r, ir?) in the Example 1 is
{(z,r)|Rez > r?} and has dimension 1.

Conjecture
BRFPs in HN with stable set of dimension N are isolated. J

(The conjecture is true for N = 1 since all BRFPs are isolated in
1-dimensional case).
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Conjugations
Theorem 2. (O —, 2009) (N-dimensional case, backward
iteration)

Suppose f : HN — HN s an analytic function and 0 is an isolated
boundary repelling fixed point for f with multiplier 1 < o < oco. Then f is
conjugated to the automorphism n(z, w) = (az, v/aw)

Pon(Z) =foip(2),

via an analytic intertwining map .
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Suppose f : HN — HN s an analytic function and 0 is an isolated
boundary repelling fixed point for f with multiplier 1 < o < oco. Then f is
conjugated to the automorphism n(z, w) = (az, v/aw)

Pon(Z) =foip(2),

via an analytic intertwining map .

Construction of :
Y= nlim {fnomnops}

where p;(z, w) := (z,0) is the projection on the first (radial) dimension,
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Conjugations

Theorem 2. (O —, 2009) (N-dimensional case, backward
iteration)

Suppose f : HN — HN s an analytic function and 0 is an isolated
boundary repelling fixed point for f with multiplier 1 < o < oco. Then f is
conjugated to the automorphism n(z, w) = (az, v/aw)

pon(Z) =foy(2),

via an analytic intertwining map .

Construction of :
Y= nlim {fnomnops}

where p;(z, w) := (z,0) is the projection on the first (radial) dimension,
SO

P(z,w) = 1(z2,0)
and is essentially one-dimensional map.
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Theorem 3. (O —, 2009)
Under some regularity condition, it is possible to improve 1y such that

1/1(2» W) = "p(pL(Z’ W))v

where py is a projection on the first L dimensions.
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Theorem 3. (O —, 2009)
Under some regularity condition, it is possible to improve 1y such that

w(zv W) = TP(PL(Za W))v

where py is a projection on the first L dimensions.

Condition is
f(z,w) = (az + o(|z]), Aw + o(|z|'/?))

e.g. A= Diag (v/a,...\ /o, B1,... Bn-r), Where §; < \/a
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Parabolic case in the disk
Since d(zp, zp11) < d(z5-1, 2n), pseudo-hyperbolic step
dn := d(zn, Zy11) must have limit: d, — b
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Parabolic case in the disk
Since d(zp, zp11) < d(z5-1, 2n), pseudo-hyperbolic step
dn := d(2n, z511) must have limit: d, — b

Subcases (do not depend on the choice of sequence):

b > 0 parabolic hon-zero step type
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Parabolic case in the disk
Since d(zp, zp1) < d(z5_1, 2n), pseudo-hyperbolic step
dn := d(zp, z,.1) must have limit: d, — b

Subcases (do not depend on the choice of sequence):
b > 0 parabolic non-zero step type

b = 0 parabolic zero-step type

non-zero step

tangentially
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Parabolic case in the disk
Since d(zp, zp1) < d(z5_1, 2n), pseudo-hyperbolic step
dn := d(zp, z,.1) must have limit: d, — b

Subcases (do not depend on the choice of sequence):
b > 0 parabolic non-zero step type

b = 0 parabolic zero-step type

non-zero step zero step
p ‘p
tangentially radially
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Parabolic case in the disk
Since d(zp, zp1) < d(z5_1, 2n), pseudo-hyperbolic step
dn := d(2n, Zy41) must have limit: d, — b

Subcases (do not depend on the choice of sequence):
b > 0 parabolic non-zero step type

b = 0 parabolic zero-step type

non-zero step zero step

p ‘p ‘p

tangentially radially other: not known

Olena Ostapyuk (K-State) Backward iteration in the unit ball
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Parabolic case in the ball: Zero and non-zero step cases are defined
only for sequences.
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Parabolic case in the ball: Zero and non-zero step cases are defined
only for sequences.

Claim

If the sequence of forward iterates {Z,},- , for parabolic self-map of
the unit ball is restricted, then it must have zero step, i.e.

dun(Zn, Zni1) — 0. In particular, non-zero-step sequence cannot
converge non-tangentially.
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Parabolic case in the ball: Zero and non-zero step cases are defined
only for sequences.

Claim

If the sequence of forward iterates {Z,},- , for parabolic self-map of
the unit ball is restricted, then it must have zero step, i.e.

dun(Zn, Zni1) — 0. In particular, non-zero-step sequence cannot
converge non-tangentially.

The only known parabolic examples in HV are:

e Automorphisms (translations):
(z,w) — (Z+ 29 + 2 (W, wp) , W + wp) for some (z, wy) € OHN. J
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and
e Example 2. (O —, 2010):

Given one-dimensional ¢ : H — H of hyperbolic or parabolic type, with
the Denjoy-Wolff point co and BRFP iy,
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and
e Example 2. (O —, 2010):

Given one-dimensional ¢ : H — H of hyperbolic or parabolic type, with
the Denjoy-Wolff point co and BRFP iy,
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